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Suﬂhosc G is a jrou‘). We Saj et o _n_op.-g,_vgxﬁ'y subset

HeG is a subaroup of G if: e |
.\) Vglhe \_\l j"\e\_\ / O,I\A‘ (C 0S¢ une{c >

mu\\'iF\icq\'iW\

i) VJGH/ j"e\-\, (closed undtr inverser)
Notation: R G
These conditions quarantee that H is a grovp with respect to
the binary operation on G
* Condition 1) Suqran’rces fhat e cestriction of the
\ﬁr\afj operation to H s wel defined.
L Assoaativiby in (#,): Follows
from stoc\q’v‘w"\{j i (6,0).
- Existence of idevx‘r'\hjz (ey=ec)
R is nonempty => JqeH
Condition i) = j-‘eH
Condition 1) == jj"=ccel-\
Vhel | echs heg=h

- Existence of inverses: {:o\\ows gfom con dition '\'\\.



Exs-
la ) G=T7Z , HW=TZ={1k kel
Yyhelt, AkLeZ si. RATRLE
Sa 3«\\- ACZS VKN W
and LE 1(-k)E€H
) G'-'ZL/ H= a7 ={nk ‘~\ce’d.'§/ wheve neZ.

’L) G= Ce = (x:xb=e) = {e., X, x5 x’l X" x"}

He={e, 35, W= Lo«

1) G=Ny={Lob | a=b"=¢c, ab=ba)
={lega b, ab §
W= {e, q'i, W,.= (e,) ‘o}, H= (e., ab §

D R
={e)g ) 7 5 55 ) T
W, = {e_,r, e g
\’\1,: (Q/Sﬂg ( - ond M“C>



Some. cac\'_( and {‘Cf‘niﬂo\o‘j:]:
Lﬁ\’ G be. a jrouP.

/———\('&thﬁgi [xV) bifo\_r‘g)
) G<G  and  {e3£G,
7‘) TE N<GC and H2GC then N s colled a _Pf_q_gcu_\;jugg of G.

30) gv\>\jroux\> C_f\‘\'C(‘\gg .

Tf HeG s mon-cmF¥J then
H<G if ond only if  Vqhen, qnel
PE: N2 ¢ = 336\\. Theq :
‘e- 33"6H .
-Yhel, W'=eh'en. (clsed onder inversen)
'Vj,\\e\‘\/ hER , so j(\\"y\=j‘n6\'\.
(c\oscd ondec molt. )



’S\,) Su\jrou;‘a crifbecton for finite sels
If NeG s non-em?ﬁj and 14\ <= then
WG if ond only if  VYqhen, ghett.
pf- On\J need Yo show Yhat B s closed under
’vqk‘mj inverses.  for mj 3€H/ {3,3‘, j‘,.-.} < H.
Buk Wleow = 13,jEN, 2irz,  with j‘=jJ.
Then 3-33""=33"‘-e. = 9= 4
ond j-i-\z\ =2 j""‘eH. 2
4) Tatersections of su\ojmu‘;g of G are Subjmv\PS'.
TE (RiTer is a noi\-emp‘rj colleckion of
subjrouPs of G then N Hi i ale o subgrap of G.
P Qrike He O W Theas
-YieL, eclly = eell = H#4.
*TE qheR then, since j,\meH;/ VieT,
we have that J‘i& vieT. .
Thecefoe  ghett. (sobgros crif)

Tt (:o\\ous ‘\:row\ H\Q su\ajtoup ceiterion H\a\' R<G.



Su\ag\-w\? 3«\6\‘0\{'& bj a_ Sbset
TE S=G bhen the sobacoy caked by S,
denoted (SY s the interseekion of all subjf0095
of G which contain S.
* Since S£G, there is a\wqjs ok least one su\ajrouP
of G 0n¥o~in§nj S, so (856,
- (SY s the smallest Su\ajrou‘) of G containi " S,
in the sence Fhat,
it H<G ond St then (D<A
+TF S= {3.,.-.,3.\3 then we aglko write
8329y -y gn7-
This ag CmV\SiS\‘e/v\\' WY our P\“C\(iO\LS
catation (9= {j“‘ neZ S / (jeC)'
(Q&g\ic SU\DJVOUP jencm\:d \:J j)

qu fhat G s F'\f\'\\'dq qene Cated -
J J

Noke: LGl = G F\u‘\‘re\j je/mefro&cd (G=<c7>

\‘\out\l(’.f‘, 1N 361\0‘ 0\\}

\G\= oo 77‘5 G et ?‘m“\\-c\j jmero\\-eé .



Exs
o) For any qoup G, if we take S=¢, then (s=fel

\) G='ZL/ BH=n7_={nk lkeﬂ.?: (1\7/ KT\GZ_) :
(No\‘t'. IGlzos bt G is F‘m‘x\-dj ja\mkd.)

1) G=Cg¢ = e, %, 8 x x x5 =7
H,={e, SEERS ((Xﬂz: x? = xl)
M= ey = (7 =

3) G=Nyq={e o b, ab §=<dab>
W,= (e) o= o)
Ho={e, b1 =4
Hq= {e./ ab § = <abd

L{) G= Dyn = {e,,r, %), €7 s, s - st 3 = (e ed
\’\\"" {e_,f, \‘z/ -] (‘“"? = <V§
Ho= {6,3’1:(37



5) © is ot Finikcly generated
P Swppese S= {7, %, .., 7 f e @, wute M= g,
with pi€Z, qseN. Let
W= {a.’n+ Qe Ve * "% AnVy * Qi oory anel—} ,
Then: - He@ (su\sjrou? cerit. )
- Ssl = SO (def of <5))
" Heds)  (sobgravp crit. applied 4o <57)
Therefore.  (sY= 1.
Now let cvlm(cb,.-./qﬁ\. Then  Vxeh, since

=\

K= i Q (%) foc some q.,.-yq,\éﬂ_/
we. have Yhat qQx= :Z_\ a;p; (SL
B\!\— "\\C'\ ) S}'\CQ C\ (%‘\) = .%— ¢ /. / We.

find Yhak [ ¢ = H7z@. @



/ﬂ\ml If G is a grovp and SeG  then

{SY= { 3:" 3'-0.. g:lﬁ : neN/ 3,,...,3“6. S/ ‘u‘,.../u,,e{'!l]-z .
~— 7 —

Qordzr mHﬁS,) N\ (f\o" r\e.c,essm\j diS\"\v\C‘\')

in jcncm\

PF: Leb M- {g™ g g ned, g,y gu€S, e une{213 5.

Then: * H<G (So\ajrou? erit. )
- SsH = o=l (def. of <5Y)
" Heds)  (subgrosp coit applied Fo <57)
Therefore (V=1 g
Cors. TF G s Abelian ond S <€ G then
(5= {qie gt g, 90€S, oyoyaneZy it gy For 2] 5.
Ta porticdory f S2{g,.y gal then
(sy={ RETRERPY A



Cjc\\c sob\q]rou(‘:s and ordus of elemenis
TF 366 then Yhe ordec of 1 denoted lj\

or 0(3\, s defined to be bhe smallest
kG-.“\\ 30\"\59:1?1\3 jk=€. ) of¢ 0 \'F H\-CTC.

1S o sudh K.
Exs: ) G=Co={eg x5 x5 x, x* 3 =k

lei=\

x\= 6

I 1=3

=7

Ix\=3

)= 6

&x‘,x“, K X, €
7') G=D¢ = <\‘;s | ¢f=5 e/ rs =Sr“> = {e, r, r'"} s, ST, sr‘]

le\=),  Ael=W*\=3 , 1s\=2
\se\=1T

Isetl=T ris=eles)= rlse)= (p) 0= SE°°

¥



) G=ZL , neZ \r\\‘-{ I if =0
) / / o if 070

= Linez]
Theorem: V3€GJ \3\"—\<37\. More prc,c.'\se.\-j:

i) Lf \3\=v<= Fhen 3‘133, Y i) e withiz).
W)LE gl keN then  <(qr={eq,9y.., 9],
and 3":33 for 1€ ifE 3%) med ¥

PE: To prove 1), consider the cambrepasitive. Suppose
Fhat j‘=33 for some i) €T with 1#]. ©-L.0.6, soppose
1<), Then 3J"=e and  jJiEN = \J\m. This
establishes 1).

T prove i), suppase lj\’—\z ond j;: j) for  seme
yj€ L. Then ji“=e. By the Division Aljor'\¥hm,
A reZ with osesk sk jrizqeer Siae

o< j)-‘\z jc\\m- _:(j\:\);\'j
K is Yhe smallest elemont of IN sq*‘\sg\s}h\j
3“-—e) it follews  Hhat r?
Then j-iz e == i=) mad k. Thare Cove.
<3>={e_,j,jt,..-, jkﬂ and ‘\.<3>\=\a: K
(Also, 7] medl = j\Fqe = 31"=e = j)—-j‘

= jr/ and since




LQH‘KQ_, of su\bJrou?§ of a Jroop

The [attice of S\ijrou?é of a jer is a AYQJrqm

Wus \'mhnj the su\ajrov‘:s of Yhe Jrou‘).

Exs:
\) G:‘\lv.‘: {_Q/ Q,] b/ Q\)‘3=’<Q,b>
W,= (e, al= Cad, Wq= (e., by = by, K= (e,/ ab §= <abd

G
P N line Segmen ks
\"\\ HL \"\3 \r\(hCM.!(C SC'\'
\{ \ 3/ containments

e

1_) G':.. C’6={Q) %, x"/ X:"/X%/ Xs} =‘<X>
Rz (e, @ T=<X7  (IK)=2)
Mem Loy 7= XY =Y (gl=3)

C’\ For finilte jrou‘:s:
/ H, Relakive veckical Fos'\\'?om indicates
H, / differonceg in ordec.
AN
{e]



3) GC=D=Ces | *=s"e rs =st ) = {egr, oY s, sc, set]
Hy=ded={e,r evf = e
IIERCPER TN
Hy= Csed = (e sef
(se) =(se)ls)= s (esdr= s(seM)e = 2 (¢r) =@ .

\'\‘\° (se*) ris=eles)= clsr)= (Ps) = s¢°t

T
(e ) = (et ) (s6%) = s (¢25) 0% = Stptigt=e

G= e s

< 7/ l \\

sy Lsey  Lsr2y
I//

{el
( next Pa,oe, ——=~>



This is Yhe QawxP\e{-C lish of su\s\jrw‘us of G beesuse :
- A 3u\>Jr0\'{> NG which cntains an element of
{r, Y ond on element of (s, s, sc*§
will Rave fo antain <, and  Phere fove
also 5. Then (sY&EH = H=0G.

Scrakch work: (se)r= sc°=5
e Vr= s<s
o 3\1\331‘0\1{3 NG which cntains more than
one element of {5, s, se®§ Wil Fhen
hove Yo contain ¢ oc %, So qda'm
K=G.
Sccakch work:  S{sO)=sc=¢
s(se®= §%¢%= ©

(s‘-"'] (se) = (s se) =rsir= ¢°
\\s‘-"\





